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^ , Abstract 

, We prove difFerent forms of Nullstellensatz for difference fields and 

\^ . absolutely fiat simple difference rings. A difference ring is supposed to be 

' a ring on which an arbitrary group is acting by ring automorphisms. 



O ' 1 Introduction 

< 



cn 
06 

o 

0^ 



The work is devoted to difFerent forms of Nullstellensatz. First of all we note 
that a difference ring is a ring provided with an action of an arbitrary group. The 
' second thing that should be noted is that we consider arbitrary many difference 

indeterminates. 

In the first section [5] we give all necessary definitions and describe notation. 
It should be noted that a difference ring is a ring on which an arbitrary group 
^ ' is acting by ring automorphisms. Section [3] is devoted to discussion of different 

10 ! forms of Nullstellensatz. We give different conditions on difference rings, these 

conditions can be treated as forms of Nullstellensatz. We attend to the class 
of difference rings satisfying these statements. There are two different classes 
of difference rings under consideration. The first one is the class of all differ- 
ence fields and the second one is the class of all absolutely flat simple difference 
rings (these rings are called pseudofields) . In the following sections we discuss 
I these two classes. Section IHs devoted to the fields. It consists of two parts. 

In subsection 14.11 we discuss the case of finitely many difference indeterminates 
and in the subsection 14. 21 we generalize our results to the case of infinitely manu 
' difference indeterminates. The main results are theorems [6] and [H In the case of 

^ I difference fields the results of section|4]can be improved. Namely, we are able to 

prove strong Nullstellensatz. Section[5]is devoted to such generalization. Theo- 
rem [TU] of subsection 15.11 is devoted to the case of finitely many indeterminates 
and in theorem [T^] of subsection 1 5 . 21 we consider infinitely many indeterminates. 
Section [6] is devoted to pseudofields on which infinite group is acting. The case 
of finite group is scrutinized in ^ , where more strong results are obtained. In 
subsection 16 . 1 1 as in the case of fields we discuss difference polynomials in finitely 
many difference indeterminates. The case of pseudofields in contrast to the case 
of fields needs some technical preparation. The main result is theorem [111 The 
next subsection l6.2l is devoted to generalization of results about pseudofields to 
the case of infinitely many difference indeterminates. The section is completed 
by general theorem [22l 
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2 Terms and notation 



Throughout the text the word ring means an associative commutative ring with 
an identity element. All homomorphisms preserve the identity element. A ring 
will be said to be a difference ring if there is a group S acting on the given 
ring by ring automorphisms. Difference homomorphism is a homomorphism 
commuting with the action of E. We shall often replace the word difference by 
symbol E. Simple difference ring is a difference ring with no nontrivial difference 
ideals. A difference ring will be called a pseudofield if it is an absolutely flat 
simple difference ring. 

The set of all, radical, prime, maximal ideals of A will be denoted by Id A, 
K&dA, Spec A, Max A, respectively. The set of all difference ideals of A will be 
denoted by Id^ A. Rad^ A will denote the set of all radical difference ideals of 
A. 

Let us recall the definition of pseudoprime ideal. Let S C Ahe a multiplica- 
tively closed subset and let q be a maximal S-ideal not meeting S. In this case 
the ideal q will be called a pseudoprime ideal. The set of all pseudoprime ideals 
will by denoted by PSpec A and will be called a pseudospectrum of A. 

If S is multiplicatively closed subset in A, the fraction ring of A with respect 
to S wiU be denoted by S~^A. If 5 = {t"},T=o> then S^^A wih be denoted by 
At. If p is a prime ideal of A and 5 = ^ \ p, then S^^A will be denoted by Ap. 
The residue field of prime ideal p is a field of fraction of A/p and is denoted 
by K{p). If A is an integral domain, the fraction field of A will be denoted by 
Qt{A). 

For every subset X of a difference ring A the smallest difference ideal contain- 
ing X will be denoted by [X] and the smallest perfect difference ideal containing 
X will be denoted by {X} (see definition ^ chapter 2, sec. 2.3, def. 2.3.1]). The 
radical of ideal o will be denoted by r(a). The following inclusion always holds 

c {X}. 

Let f : A ^ B he a. homomorphism of rings, and let a and b be ideals of 
A and B, respectively. We define the extension a"^ of a to be the ideal ,f{a)B 
generated by /(a) in B. The ideal /*(b) ~ f^^{b) is called the contraction of b 
and is denoted by b^. If a homomorphism f : A ^ B is difference and ideals a 
and b are difference, then their extensions and contractions are difference. 

A ring of difference polynomials over A in variables 1" is a polynomial 

ring j4[S]y], where S is acting in natural way. Difference ring B will be called 
a difference A-algebra if there is a difference homomorphism A B. It is 
clear that every difference A-algebra can be presented as a quotient ring of a 
polynomial ring over A in sufficiently many indeterminates. 

Let us recall the notion of the ring F B. For an arbitrary commutative ring 
B the set of all functions from S to B will be denoted by Fi?, i. e. F B — B^. 
As a commutative ring it coincides with JIo-gs ^- "^^^ group S is acting on F _B 
by the following rule a{f){T) = f{a~^T). For every element ct of E there is a 



2 



substitution homomorphism 



7,: FB^B 



It is clear that 7t(o'/) = Ja-^rif)- 

The following statement is proved in [4]. 

Statement 1. Let A be a difference ring and ip: A —> B be a homomorphism. 
Then for every a G S there exists a unique difference homomorphism $o- : A —>■ 
F B such that the following diagram is commutative 



3 Posing the problem 

In this section we shall discuss different kinds of NuUstcUensatz appeared in 
difference algebra and prepare some statements for further using. 

First of all we consider the most interesting statement. We formulate a 
condition on an arbitrary difference ring A. 

(Al): For every natural n and every proper difference ideal a C A{yi, . . . , y„} 
there is a common zero for a in A". 

Note that the condition (Al) implies the simplicity of a ring A. Indeed, if 
a is a nontrivial difference ideal in A, then ideal a{yi, ...,?/„} has no common 
zeros in A" and is nontrivial. 

Consider another statement about difference ring A. 

(A2): For every natural number n and every subset E C A{yi^ . . . if for 
some ring B containing A there exists a common zero for E in U", then 
there exists a common zero for E in A". 

Both these statements are equivalent. 
Statement 2. Conditions (Al) and (A2) are equivalent. 
Proof. Let us show that (A1)^(A2). Let for some subset 



There is a ring B containing A such that there is a common zero for E in _B". 
Consider a substitution homomorphism 



FB 




E C A{yi,...,y„}. 
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for this common zero. Then its kernel is proper difference ideal containing E. 
Therefore ideal [E] is proper difference ideal, then (Al) implies that there is a 
common zero in A^. 

(A2)^(A1). Conversely, let a C A{yi, . . . , y„} be a proper difference ideal. 
Then there exists a common zero for a in A{yi, . . . , yn}/ci. Then from (A2) it 
follows that there is a common zero for o in A^. □ 

We are interested in difference rings satisfying these equivalent conditions. 
But before, let us note that statement (Al) depends on the class of all differ- 
ence ideal. On default we consider all difference ideals in the ring of difference 
polynomials. If we shall consider only perfect difference ideals we obtain a little 
bit another statement. From the other hand, statement (A2) depends on the 
class of all difference rings. We can change it by using only integral domains 
instead of all rings. Consider new statements. 

(Bl); For every natural number n and every proper perfect difference ideal 
Ci C A{yi, . . . , y„} there exists a common zero for o in 

(B2): For every natural number n and every subset E C A{yi, . . . , y„} if for 

some difference integral domain B containing A there is a common zero 
for E in there is a common zero for E in A". 

(B2'):For every natural number n and every subset E C A{yi, . . . , if for 
some difference field B containing A there is a common zero for E in B", 
then there is common zero for E in A". 

From statement (B2) it follows that A is an integral domain. Note the 
following. 

Statement 3. If A is a difference integral domain then statements (Bl), (B2), 
and (B2') are equivalent. 

Proof. The equivalence between (B2) and (B2') follows from the fact that every 
difference integral domain can be embedded into difference field, namely, its field 
of fraction. 

Let us show that (B1)^(B2). We need to repeat the proof of previous 
statement. Assume that for some set 

E CA{yi,...,yr,} 

there exists a difference integral domain B containing A such that there is a 
common zero for E in B". Consider substitution homomorphism 

A{yi,...,yn} ^ B 

for this common zero. Then its kernel is a nontrivial perfect ideal containing 
E. Therefore the ideal {-E} is not trivial and from (Bl) it follows that there is 
a common zero in A^. 
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(B2)=>(B1). Conversely, let t C A{yi, . . . , y„} be a proper perfect difference 
ideal. Then there exists a maximal perfect ideal p containing t. It is known that 
p is a prime ideal (the proof is analogous to [H chapter 2, sec. 2.3, prop. 2.3.4]). 
There is a common zero for t in an integral domain A{yi, . . . ,y„}/p. Then from 
(B2) it follows that there is a common zero for t in A". □ 

In further text we are interested in conditions (Al) and (A2) in the class 
of all pseudofields and in conditions (Bl), (B2), and (B2') in the class of all 
difference fields. The fields (pseudofields) satisfying these conditions will be 
called differencly closed. We shall attract attention to the following two prob- 
lems. The question of existence of differencly closed fields (pseudofields) and the 
question whether difference field (pseudofield) can be embedded in to differencly 
closed field (pseudofield). Additionally, we consider the case of infinitely many 
inditerminates. 

4 Fields case 

4.1 Finitely many indeterminates 

The countable cardinal will be denoted by ui. 

Statement 4. Let K he a field. Consider a polynomial ring K\Y], where Y is 
an arbitrary set of indeterminates. Then every ideal ofK[Y] is generated by the 
set of cardinality not grater than \Y\ x lu. 

Proof. If the set Y is finite, then every ideal is finitely generated and thus the 
statement is true. Now we suppose that Y is infinite set. Then |y| x a; = 
Let the set of indeterminates Y — {ya} be well-ordered. Then by Yj we shall 
denote the following set {ya & Y \ ya < y^}. 

Consider subsets Yo,Yi, . . . ,Yn, . . . ,Y^^. Let a C /^[Xj] be an ideal, we set 
a„ = a n /^[F„]. It is clear that a — U„a„. Every ideal o„ is finitely generated. 
Consequently, their union is not more than countably generated. In other words, 
every ideal of is not more that countably generated. 

Using transfinite induction we shall prove that every ideal in -^'[^7] is gen- 
erated by the set of cardinality not greater than |7|. Consider the case of not 
limit ordinal. Let all ideals in ^[¥0] are generated by the set of elements of 
cardinality not greater than \a\. Then the rings ^^[^0] and isr[yQ_)_i] are isomor- 
phic to each other. Therefore every ideal in if [y„_|_i] is generated by the set 
of elements of cardinality not greater than |a| = |q + 1|. Consider the case of 
limit ordinal. Let 7 = UQ<^a, then Ky — Ua<fYa. For every ideal o C iir[Ky] 
there is the ideal Oq. — anK[Ya]. By the induction hypothesis the ideals are 
generated by the sets Ea such that \Ea\ < Then a is generated by the set 
E — UaK^Ea. Using [21 chapter 8, sec. 8.3]) we get 

As we can see the cardinality of E is not greater than |7|. □ 
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statement 5. For every field K in a polynomial ring K{yi, . . . , ?/„} every ideal 
generated by the set of cardinality not greater than |S| x u. 

Proof. Let us note that the ring K{yi, . . . coincides with K['Eyi\. So the 
cardinahty of the set of all indeterminates is not greater that |S| x n ^ |E| x w. 
Now the statement follows from statement |31 □ 

Theorem 6. Every difference field can be embedded into a differencly closed 
field. 

Proof. Construction. Let the field K be given. The set of all differencly 
finitely generated integral domains over K up to isomorphism will be denoted 
by B. Consider the following tensor product ®b£B Qt(i?) (all not denoted tensor 
products are taken over K). Let us construct a particulary ordered set consisting 
of the following pairs 

® Qt(B),pg, 
BeB' 

where B' Q B he some subset in B and pg/ be a prime difference ideal in 
®BeB' Qt(-B). This set is particulary ordered set with respect to the following 
order 

Qt(B),pe, ) ( (g) Qt(B),pB,, ) c 6", pe- n ® qt{B)=pB'- 
BeB' J \BeB" J BeB' 

It is easy to see that we can apply Zorn's lemma. Consequently, there exists 
a maximal element. Let 

®_Qt(B),p| 

BeB 

be a maximal element in this set. The residue field of the ideal pg will be 
denoted by Ki . Now we can repeat this construction with the field Ki instead 
of K. Using transfinite induction we are able to define the field for every 
ordinal a. Let k be the first cardinal greater than |S| x lo. Let the field be 
denoted by L. We shall show that L is the desired field. 

Difference closeness. Let t be a proper perfect ideal in the polynomial 
ring ...,?/„}. Then it is contained in some prime difference ideal p (the 

proof is similar to 2, chapter 2, sec. 2.3, prop. 2.3.4]). The ring 

R = L{yi, . . . ,2/„}/p. 

will be denoted by R. From statement [S] it follows that ideal p is generated by 
the set of cardinality less then or equal to |E| x w. Let E denotes the set of 
generators of p, so p[E], where \E\ ^ jSj x lo. Since |S| x w < k, all elements of 
E are defined over an intermediate subfield Ka with a < k. 

The difference ring Ka{yi, . . . ,yn}/[E] will be denoted by Rq. Then 

R = L ® Rq = L ® Ka+i (g) Rq. 
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Consequently, Rq can be embedded to R. Hence Rq is an integral domain. Now 
consider the field K^+i- It is clear that Ka+i d) Ro also can be embedded to R, 
and hence is an integral domain. 

Let us show that there exists a difference homomorphism from Rq to K^+i- 
For that it suffices to find a difference subring in K^+i isomorphic to Rq. Let B 
be a family of all differencly finitely generated integral domains over Ka- Then 
it can be presented as a union B = B' UB", where 

Kc+i = Qt ((3fg,Qt(^)) /PB' 

Algebra Rq belongs to B by the data. Let us show that Rq belongs to B'. 
Suppose that contrary holds, consider the ring 

O Qt{B) (g) Qt(i?o) 

BeB' Ka. 

and its ideal ps' ® Qt(i?o)- Then the quotient ring 

( (8> Qt(B) ) /pB' <8) Qt(i?o) 

can be embedded to Ka+i®Q,i{RQ)- So we have a contradiction with maximality 
of family B' . Consequently K^+i contains Qt(i?o) and hence Rq. 

Let us produce a difference homomorphism from Rto L. We use the follow- 
ing decomposition 

R = L Rq- 

To get the embedding of ii to L we need to find the embeddings of L to L and 
of Rq to L over Kq,. For the field L we use the identity mapping and for the 
ring Rq we use the mapping constructed above. Then the images of elements 
yi , . . . , y„ give us the desired common zero for p and thus for t. □ 



4.2 Infinitely many indeterminates 

Let be a difference field, consider the ring of difference polynomials K{Y}, 
where Y is an arbitrary set of indeterminates. The set we shall call an affine 
space. It is clear that for every point x S and every difference polynomial 
/ G K{Y} there is a well-defined result of substitution f{x). For every set 
E C K{Y} we define the set V{E) C such that V{E) is the set of all 
common zeros for E in . Conversely, for every set X C we define a 
difference ideal I{X) as the set of all difference polynomials vanishing on X. 
Let K be an infinite cardinal. We shall say that difference field is K-differencly 
closed if for every set Y of cardinality less than or equal to k and every proper 
perfect ideal t C K{Y} the set ^(t) is not empty. 

Statement 7. For every difference field K every ideal of K{Y} is generated 
by the set of cardinality less than or equal to |S x y|. 
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Proof. The statement is an direct corollary of statement U] 



□ 



Theorem 8. Every difference field can be embedded into a K-differencly closed 
one. 

Proof. We should repeat the proof of theorem[6l Let ki be the cardinal following 
after |E x y|. Then, using notation of theorem [U we should use the field i^^i 
instead of L. To prove that L is K-differencly closed we only need the fact that 
every difference ideal of K{Y} is generated by the set of cardinality strictly less 
than Ki. But statement [7] guaranties that this fact holds. Now we should repeat 
the last part of the proof of theorem [HI □ 

5 Strong form of Nullstellensatz 
5.1 Finitely many indeterminates 

Let K be differencly closed field. Then we are able to prove strong Null- 
stellensatz for such field. We shall introduce some notation. For every sub- 
set E C K{yi, . . . ,yn} the set of all common zeros of E will be denoted by 
V{E) C iC". Conversely, for every subset X C if" the ideal of all polynomials 
vanishing on X will be denoted by I{X). 

Statement 9. Let K be a differencly closed field. And let A be a differencly 
finitely generated algebra over K such that the zero ideal is only one perfect ideal 
of A. Then A coincides with K. 

Proof. The algebra A can be presented as follows 

A^K{y^,...,y^}lp, 

where p is a maximal perfect ideal. From the definition the set V{p) is not 
empty. Therefore there exists a point x e such that p C I{x). But the ideal 
I{x) is perfect. So, p = I{x). Consequently, A coincides with K. □ 

Theorem 10. Let K be differencly closed field. Then for every perfect difference 
ideal i C K{yi, . . . ,y„} the following holds 

t = L{V{l)). 

Proof. The inclusion t C I{V{1)) is obvious. Let us show the other one. Consider 
difference algebra A = K{yi, . . . , j/nj/t- Let x be an element not belonging to 
the ideal t. Consider the set 

5 = {ai(i)'^---a„(i)'" k»GS}. 

Then this set is multiplicatively closed, stable under the action of group E, 
and do not meet the ideal t. Then the ring S~^A is a nontrivial difference 
ring. From the definition it follows that S^^A = A{l/t} is differencly finitely 
generated algebra over K. Let n be a maximal perfect ideal in the ring 5*"^^. 
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Then from previous statement if follows that S~^A/n coincides with K. Let m 
be a contraction of n to A. Then A/m coincides with K. The last one means 
that the images of the elements j/i , . . . , ?/„ define the point in K"' such that t is 
vanishing at this point but t is not. □ 

5.2 Infinitely many indeterminantes 

Let if be a difference field and let Y be an arbitrary set. Consider the ring of 
difference polynomials K{Y}. As in previous sections we are given by V{E) C 
and I{X) C K{Y}. And let n be an infinite cardinal. 

Statement 11. Let K he a K-dijJerencly closed field, and let A be a difference 
K algebra generated by the family Y over K. Let \Y\ ^ k and zero ideal of A 
is only one perfect ideal of A. Then A coincides with K. 

Proof. The algebra A can be presented in the following form 

A = K{Y}/p, 

where p is a maximal perfect ideal. From the definitions it follows that V{p) is 
not empty. Hence there exists a point x € such that p C I{x). But I{x) is 
a prefect ideal, so p = And therefore the algebra A coincides with K. □ 

Theorem 12. Let K be a K-differencly closed field and let Y be a set such that 
\Y\ ^ K. Then for every perfect ideal t C K{Y} the following equality holds 

t = I{Vit)). 

Proof. The inclusion t C /(V"(t)) is obvious. Let us show the other one. Consider 
difference algebra A = K{Y}/t. Let x be an element not belonging to ideal t. 
Consider the set 

5 = {ai(i)'-^---a„(t)'=" gE}. 

Then this set is multiplicatively closed, stable under the action of group S, and 
do not meet the ideal t. Then the ring S~^A is a nontrivial difference ring. From 
the definition it is clear that S~^A = A{l/t}. Consequently, S~^A is generated 
over K by the set F U{l/t} and we have \YU{l/t}\s^ |r| + 1 ^ k + 1 = k. Let 
n be a maximal perfect ideal of the ring S^^A. Then from previous statement 
it follows that S~^A/n coincides with K. Let m be the contraction of n to 
A. Then A/m coincides with K too. The last one means that the images of 
elements of Y define a point in such that all elements of t are vanishing at 
this point but t is not. □ 

6 Pseudofields Case 

From this moment we assume that the group S is infinite. The case of finite 
group is scrutinized in jl]. 
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6.1 Finitely many indeterminants 

We shall prove some auxiliary statements before proving the main result. 

Statement 13. Let k be a cardinal coinciding with number of all maximal filters 
on S. Then for every pseudofield L we have \ SpecLj ^ k. 

Proof. Let m be a prime ideal of L, then the quotient field will be denoted by 
K . Consider corresponding homomorphism L ^ K. Then from statement [T] 
it follows that there exists a difference homomorphism L ¥K. Since L is 
pseudofield, this homomorphism is injective. Moreover, since L is absolutely 
flat, the mapping Spec FA' — > SpecL is surjective (see. [TJ chapter 3, ex. 29 and 
ex. 30]). Consequently, | SpecL| < | SpecFiirj. But all prime ideals oi¥ K are 
maximal. The set of all maximal ideals of F ii' is described by maximal filters 
on S. So we have the desired result. □ 

Statement 14. Every simple difference ring can be embedded into a pseudofield. 

Proof. Let i? be a simple difference ring, and let m be its maximal ideal. Then 
the residue field of this ideal will be denoted by K. Let R ^ Khe corresponding 
homomorphism. Then from statement [T] it follows that there exists a difference 
homomorphism i? — s- F AT. The ring F iiT is an absolutely flat difference ring. 
Consider a maximal difference ideal n\\i¥ K . Then L = ¥ K/ n is a pseudofield. 
The composition R ^ F K ^ L give us the desired embedding. □ 

Statement 15. Let A be a pseudofield, B and C being nonzero algebras over 
A. Then the difference algebra B ®a C is nonzero. 

Proof. Let q be a prime ideal of B, then its contraction to A will be denoted 
by p. Since A is simple difference ring, corresponding homomorphism A ~> C is 
injective. Since A is absolutely fiat, the mapping SpecC Spec A is surjective 
(see. [U chapter 3, ex. 29 and ex. 30]). Therefore there exists a prime ideal q' is 
C contracting to p. Consider 

{B ® C)p = Bp ® Cp 

A Ap 

We shall show that Bp and Cp are nonzero. For example we shall show it 
for B. Set S = A\p and T = B\q. Then by the construction we have S CT 
and T does not contain the zero. Therefore S does not contain the zero. Thus 
Bp = S~^B is nontrivial ring. 

Since Ap is a field and algebras Bp and Cp are nontrivial, considered local- 
ization is nontrivial too. So the initial tensor product is nonzero. □ 

We shall say that particulary ordered set 5* is K-noetherian (where k is a 
cardinal) if every strictly ascending chain of elements of S is of cardinality less 
than or equal to k. 

Statement 16. Let Sa be a family of particulary ordered sets and for every 
a the set Sa is n-noetherian. Then the particulary ordered set YiaeA is 
\A\ X K-noetherian. 
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Proof. Let {x^} be a strictly ascending chain of 5 = HaGA "^a- ^'^^ ' S ^ Sa 
be a projection onto the corresponding factor. Define the set 

Ta = { s G 5q I 3x.y : S = ITaix-y) }. 

From the fact that Sa is K-noetherian it follows that cardinality of Ta is less 
than or equal to k. Set X = UaTa- For every element Xj we define the subset 
in X by the following rule 

X^ = |_J{ s e Tq I s 7ra(a::-y) }. 

a 

It is clear that the chain of X^ is a strictly ascending chain. So cardinality of 
this chain is not greater than cardinality of X coinciding with \ A\ x k. □ 

Statement 17. Let k be a cardinal coinciding with number of all maximal filters 
on S. Then for every pseudofield K the set Rad^ fClj/i, . . . , is |S| x n- 
noetherian. 

Proof. We shall show more general statement. Namely, we shall show that 
Radi4r{yi, . . . ,?/„} is |S| x K-noetherian. Let ttIq be all prime ideals of the 
corresponding residue fields will be denoted by . Consider the rings 

Ra = RnXc = Fa[- ■ ■ ,()yi, ■ ■ ■]■ 

Then for every radical ideal t we define the family of ideals { (t)m„ }• This family 
is an element of the particulary ordered set 

J|Rad(i?„). 

a 

It is clear that this mapping preserve the order of elements, in other words 
from inclusion t C t' it follows that for every a we have (t)m„ ^ {i')m^. Note 
that this mapping is injective. Indeed, let t 7^ i'. Then, for example, there exists 
an element x 6 t \ t'. Consequently there is a prime ideal p containing t' and 
not containing x. Then (i')p ^ (1) but (t)p = (1). 

Hence the particulary ordered set Radi^Tfyi, . . . , ?/„} can be embedded into 
Rad(i?ct). The set Id i?Q, is E-noetherian (see statement!?]). Therefore its 
subset Radi?c( is E-noetherian too. Then the desired result follows from the 
previous statement and statement 1131 □ 

Corollary 18. Let k be a cardinal coinciding with number of all maximal filters 
on E. Then for every pseudofield K every radical difference ideal of the ring 
K{yi^ . . . ,yn\ can be presented as x{[E]), where \E\ ^ |E| x k. 

Theorem 19. Every pseudofield can be embedded into differencly closed one. 

Proof. Construction. Let A be a pseudofield. Consider the family of all 
simple differencly finitely generated algebras { Be } over A up to isomorphism. 
Define the ring R — ®aBa (where the tensor product is taken over A). From 
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statement it follows that i? is a nonzero difference ring. Let m be a maximal 
difference ideal in R. Then from statement [Ml it follows that the ring R/m can 
be embedded into a pseudofield Ai. Using transfinite induction, we obtain the 
rings Aa for every ordinal a. Let ki be the first cardinal greater than |S| x k. 
Let us show that L = is differencly closed. 

Difference closeness. Let b be a difference ideal in L{yi, . . . , i/„}. Then it 
is contained in a maximal difference ideal t. Denote the algebra L{yi, . . . , yn}/t 
by-B. 

From corollary [T51 it follows that the ideal t can be presented as v[E], where 
\E\ ^ X K. Denote the ideal [E] by a and the ring 

L{yi, ■ ■ ■,yn}/a 

by B' . It is clear that the nilradical of B' is the unique pscudoprimc ideal of B' . 
Since cardinality of E is less than ki, there exists an intermediate pseudofield 
Aj containing all coefficients of all elements of E. Then 

B' = L®A^{yi,...,yn}/[E]. 

But there is a common zero for E in A^^i C L. Therefore there exists a 
difference homomorphism 

A^{yi,...,yn}/[E] L. 

Consequently, B' can be mapped into L. Since L is pseudofield, the kernel of the 
last homomorphism is pseudoprime. Hence there is a difference homomorphism 
B ^ L. The images of elements yi, . . . , y„ define a common zero for b in L". □ 

6.2 Infinitely many indeterminants 

Let K he a pseudofield, consider the ring of difference polynomials K{Y}, where 
Y is an arbitrary set of indeterminates. The set will be called an affine space. 
As in the situation above we have a well-defined substitution homomorphism 
K{Y} K by the rule / f{x), where x S . Additionally, there are two 
mappings E ^ V{E) and X ^ I{X), where E,I{X) C K{Y} and V{E),X C 
-ftT^. Let K be an infinite cardinal. We shall say that pseudofield K is k- 
differencly closed if for every set Y of cardinality less then or equal to k and 
every proper difference ideal a C K{Y} the set V{a) is not empty. 

Statement 20. Let k be a cardinal coinciding with number of all maximal 
filters on E. Then for every pseudofield K the set Rad^ K{Y^ is \Yi xY\ x k- 
noetherian. 

Proof. Let us show that the set RadA'jy} is |S x x K-noetherian. Let itIq 
be all primes ideals of K. The corresponding residue fields will be denoted by 
Fa. Consider the ring 

Ra = Rm^ — Fa[. ■ . ,0y, . . ]. 
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Then every radical ideal t will define the family of ideals { (t)mo }• This family 
is an element of the particulary ordered set 

]^Rad(i?„). 

a 

It is clear that this mapping preserve the inclusions. In other words from 
the inclusion t C t' it follows that for every a we have (t)m„ ^ (t')m„- We know 
that this mapping is injective (proof is similar to proof of statement 1 17p . 

Therefore particulary ordered set RadXjy} can be embedded into the set 
Hq, R-ad(i?Q). The set lARa is |E x F|-noetherian, consequently, its subset 
Radi?Q is |S x y |-noetherian too. Then the desired result follows from state- 
ments [16] and [131 D 

Corollary 21. Let k he a cardinal coinciding with number of all maximal filters 
on E. Then for every pseudofield K every radical difference ideal of K{Y} can 
he presented as x{[E]), where \E\ ^ |S x y| x k. 

Theorem 22. Every pseudofield can be embedded into n-differencly closed one. 

Proof. We need to repeat the proof of theorem [TO] using previous corollary in- 
stead of corollary [18] □ 

References 

[1] M. F. Atiyah, I. G. Macdonald. Introduction to commutative algebra. 
Addison-Wesley. 1969. 

[2] A Levin. Difference algebra. Springer, 2008. 

[3] B. Poizat,M. Klein. A course in model theory: an introduction to contem- 
porary mathematical logic. Springer, 2000 

[4] D. Trushin. Difference NuUstcUensatz in the case of finite group. 



13 



